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The Problem

180

Zettabytes

Global datasphere projection
by 2025. Magnetic storage
cannot keep pace.

Motivation
DNA-Based Data Storage

The Solution

Density: Millions of times
denser than SSDs

Durability: Lasts thousands
of years

Maintenance: Zero power
required at rest

The Challenge

Noisy: High error rates
From < 1% to 25% indels

Slow: High r/w latency.
Hours to several days
Unordered data

Expensive: High r/w costs.
Writing: 1MB = $4.2K

Reading: Approx. 1GB = $120

* MinlON: 50M strands = $1K
« Hiseq: 200M strands = $2.5K



Motivation

DNA-Based Data Storage: Channel Model

@ Encoding the
information using an
error-correcting code

ACGGACA
s AACGCGA

CCGATAG

Information strands

n

@ Synthetic designed DNA
strands that encode the
data are synthesized using
a DNA synthesis technology

@ Synthetic strands are stored
within a storage container in an
unordered fashion

Multiple copies for
each DNA strand

Errors in the stored
strands

CCGATAG
TTAGTACA

GGACTCA

Encoded strands Storage container

Sequencing a sample from the
DNA storage container using a
DNA sequencer

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



Motivation
DNA-Based Data Storage: Channel Model

The DNA sequencer's output is sequential

Y4 Ys Ye 4 Vs Yo Yo

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



Motivation
DNA-Based Data Storage: Channel Model

@ Retrieval algorithm

Reads are first clustered based on their original designed DNA strand. Then, for each cluster, if the number of noisy copies is sufficient, the
reconstruction algorithm recovers the original designed DNA strand (e.g., 3 copies are sufficient)

CCGATAG GGACTCA

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



Motivation
DNA-Based Data Storage: Channel Model

@ The decoder of the code is applied to recover the remaining information strands, from the ones that were obtained

ACGGACA ACGGACA
AACGCGA ACGGACA

CCGATAG Ee——l CCGATAG S — AACGCGA

TTAGTACA CCGATAG

‘-1..;J. ”_ ’—l ‘ (@ (& ‘ CA |

Goal: encode the information in a way that minimizes the expected number of reads
required for successful retrieval to reduce latency and cost

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



Background

The Coupon’s Collector Problem

The Coupon’s Collector Problem (First studied by Feller in 1967)

Each box of cereal contains one out of n coupons.
How many cereal boxes one should expect to buy to collect all n coupons?

[
3 5 6

4

Solution: T': #draws, t;: time to collect the i-th new coupon

Each t; is_a E[T]
geometric
random variable

T=t+t,+ts++t,

n n n
Bta] + E[ta] + -+ E[t] = =+ —— + o =

n(2+==+-+I+1) =nH, =nlogn) +yn+05+0(3),

~ 0.57 (Euler-Mascheroni const.)
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Background
The Coupon’s Collector Problem
The Dixie Cup Problem/The Urn Problem (First studied by Newman in 1960 and later by Flajolet et al. in 1992. )

Identical balls are thrown into n urns randomly.
What is the expected number of thrown balls that is needed to have at least t balls in each urn?

1 2 3 4 5 6 7 n

Other extensions
e |tis sufficient to have only k out of the n urns, each with at least t balls.
e Different distributions to throw balls to the urns.

O



The Coded Coupon’s Collector Problem
Problem Setup

Encoded using

an (n, k) code C):

-_— o =

- s S o e E——
_— ., e

- N o .

- e e e s e S

Main goal: Study the expected number of samples M to guarantee successful decoding of U
and find codes that minimize this number.

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



The Coded Coupon’s Collector Problem

Full Recovery: Problem Definition & Main Results

Problem 1 [The MDS coverage depth problem]: For any k, n, and p find:
1. The expectation value IE[vf (n, k)|

2. The prob. distribution of vf(n, k), i.e., forany m € N find the value P[vf(n, k) > m]

Uniform is optimal + upper and lower bounds on E[v,(n, k) /n] + more...

Problem 2 [The coding coverage depth problem]: For any k find:

1. Givennand p find an (n, k) code C that minimizes value E[v} (C)]

2.  The minimum value of E[vf((;’)] over all possible codes C, p. That s, find
MOP(k) 2 1112;nf{m[vf(6)]}

We fully solves Problem 2 for the noiseless channel with uniform distribution.

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.



The Coded Coupon’s Collector Problem
Random Access
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Users rarely retrieve an entire exabyte
archive. They usually need specific files
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D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” |IEEE TIT, 2025.



The Coded Coupon’s Collector Problem

Random Access: Problem Definition

7 \\ 7 \

. | \

| 1 Encoded using :
|

|

, - an (n, k) code €>'| :

: ! N X1 § X2 @ X3 @ X3 Wi X5 B

I : : |

‘\ ' ' '

~ —_ e o o e e ,/ \\ ______________ ’/

U X

The user wishes to retrieve a single information symbol out of the k information symbols

U, |

Vi € [k]: 7;(C) - rv. of the #samples for successful decoding of the i-th information symbol
(assuming that p is the uniform and the channel is noiseless, i.e., t = 1)

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.



The Coded Coupon’s Collector Problem

Random Access: Problem Definition

Problem 3 [The random access coverage depth problem]: Given an (n, k) code C find:
1. The expectation value E[7;(C)] and the prob. distribution P[z;(C) > r], for any r € N.

2. The maximal expected number of samples to retrieve an information symbols, i.e.,
Tmax(c) = {Tel[%c)]([E[Tl(C)] .

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

Definition: A set /] C [n] is a retrieval set of the i-th information symbols, u;, ifitis possible to
decode u; from the encoded strands whose indices belong to J.

D (i) - The set of all retrieval sets of u;
D(i) - The set of all minimal retrieval sets of u; (with respect to inclusion)

Example: .
The [k + 1, k] simple parity code [UJ [w} [%J

—_— e e e e e —E e, —————— ——

B o SRR p———— A

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025. i



The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

Theorem: For any (n, k) code C, if D(i) = {4, B} for two disjoint retrieval sets A N B = @, then
E[z;(C)] = n - (Hya) + Hip| — Hiaj+i5))
Proof: Denote

A;(r —1)- #ways to draw r — 1 symbols s.t. 3j € ] for which the j-th strand wasn’t drawn

A(r — 1)- # ways to draw r — 1 symbols s.t. u; cannot be retrieved from the drawn symbols

We have that 1,5 (r — 1) = 4, (r— 1) + Az(r — 1) — A(r — 1).

Mir—1) = i (l‘;ll) (=1)J*+1(n — j)r-1
j=1

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

Theorem: For any (n, k) code C, if D(i) = {4, B} for two disjoint retrieval sets A N B = @, then

Proof: Denote

E[;(C)] = - (Hja + Hp| = Hiaj+5))

A;(r —1)- #ways to draw r — 1 symbols s.t. 3j € ] for which the j-th strand wasn’t drawn

A(r — 1)- # ways to draw r — 1 symbols s.t. u; cannot be retrieved from the drawn symbols

We have that A,,5(r —

SA(r—1) &M L &
R e )

r=1j=1 r=1j=1 r=1 j=1

1) =2,—-1)+r—-1)—-A0r —-1).

(|B|)( 1)]+1(n ])r 1 <|A| + |B|) (_1)j+1(n_j)r—1

(IAI)( i+ — jyr1 ]

+
J
nT‘—l

=n- (Ha + Hp| — Ha+51)

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “

Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” |EEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

Theorem: For any (n, k) code C, if D(i) = {4, B} for two disjoint retrieval sets A N B = @, then
E[r;(C)] = n- (Hya) + Hyp) — Hiape13))

Corollary: Assume C is the [n = k + 1, k| simple parity code.

Then, forany i, TS ., = E[1;(C)] = n(H; + H, — Hy 1) = n(l —ﬁ) =k+1 —% =k
Elty]=n=k =4 |=4

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Alternative Definition

Problem 3 [The random access coverage depth problem]: Given an (n, k) code C find:
1. The expectation value E[7;(C)] and the prob. distribution P[z;(C) > r], for any r € N.
2. The maximal expected number of samples to retrieve an information symbols, i.e.,

Tmax(c) — {Iel[%{)]([E[TL(C)] .

Problem 3 [The random access coverage depth problem]: Given an (n, k) code with a generator
matrix G € IF’;X”, let 7;(G) denote the random variable that counts the minimum number of columns

of G that are drawn until the standard basis vector e; is in their IF,-span. Find:
1. The expectation value E[7;(G)] and the prob. distribution P[7;(G) > r], forany r € N.

2. The maximal expected number of samples to retrieve an information symbols, i.e.,
Tmax(G) = {rel[%g](]E[Tl(G)] .

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem
Random Access: Alternative Definition

Problem 3 [The random access coverage depth problem]: Given an (n, k) code with a generator
matrix G € IF’;X", let 7;(G) denote the random variable that counts the minimum number of columns
of G that are drawn until the standard basis vector e; is in their [F,-span. Find:

1. The expectation value E[7;(G)] and the prob. distribution P[t;(G) > r], for any r € N.

2. The maximal expected number of samples to retrieve an information symbols, i.e.,

Tmax(G) = {rel[%()]([E[Tl(G)] :

Definition: Denote the j-th column of G by g;. Fori € [k] and 1 < s < n, let
a;(s) =[{Scnl: ISI=s e€e<g; jeS>}

Lemma: For G € F¢*™ and for all i € [k] we have
E[7:()] = nH, — $151 G

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” |IEEE TIT, 2025. 5



The Coded Coupon’s Collector Problem

Random Access: Alternative Definition

Definition: Denote the j-th column of G by g;. Fori € [k] and 1 < s < n, let
a;(s) = |{S C[n]: [S|=s, e€<g;: JES >}|

Lemma: For G € F£*™ and for all i € [k] we have

E[7;(G)] = nH,, — Y122 (‘fffi’)

Example: Let G = ((1)(1)(1)(1)1) € F5*°> we have
5 5 5
a;(1) =2 a,(2) = <2> —1=9 a;(3) = <3> a,(4) = (4)
- a;(s) 3

Elr,(6)] = 5H; — ) OlEY

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Alternative Definition

Definition: Denote the j-th column of G by g;. Fori € [k] and 1 < s < n, let
a;(s) = |{S C[n]: [S|=s, e€<g;: JES >}|

Lemma: For G € F£*™ and for all i € [k] we have

E[7;(G)] = nH,, — Y122 (‘fff?)

Corollary: Let G € ]F’C;X” be a systematic generator matrix of an MDS code. For all i € [k] we have
Tmax(G) = E[7;(G)] =k

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” |IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem
Random Access: Alternative Definition

Definition: For i € [n], we let 7; denote the random variable that counts the minimum number of
columns of G that are drawn until the i-th column of G belongs to their IF,-span.

Observation: If G € IF’;X" is systematic, then for all i € [k] we have 7;(s) = T;(s).

Lemma: For a code C with generator matrices G, G € IF’;X”, forall i € [n] we have
E[7:(6)] = E[T:(G)].

Theorem : Let C C IF; be a code of dimension k with generator matrix G. We have that

D E[H(6)] = nk
i=1

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” |IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Alternative Definition

Theorem : Let C € [F; be a code of dimension k with generator matrix G. We have that
n
> EIFH(6)] = nk.
i=1
Definition: Let C be a code with generator matrix G. We call C a recovery balanced code if
E[71(®)] = E[#2(6)] = -+ = E[7,(G)]

Corollary : Let C C [F; be a recovery balanced code with a systematic generator matrix G. For all i
€ [k] we have
Twmax(G) = E[t;(G)] =k

In the paper we give three different sufficient conditions for a code to be recovery balanced

Conjecture: A code C is recovery balanced if and only if its dual code C* is recovery balanced.

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025. 18



The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

........................................................
.......................................................
......................................................
.....................................................
...................................................
..................................................
.................................................

Users rarely retrieve an entire exabyte
archive. They usually need specific files
N . .+ | dentity code: E[7,(€)] = K
CEEEEHBHEEEEZ . Non-systematic [n, k] MDS code achieves E[7;(€)] >

..........................................................
..........................................................
..........................................................
..........................................................
..........................................................

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi, “Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” IEEE TIT, 2025.
A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.
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The Coded Coupon’s Collector Problem

Random Access: Retrieval Sets

Users rarely retrieve an entire exabyte
archive. They usually need specific files

| < k?

7;(C)

<k

1<1

Question: Is it possible to have max E|

|

New explicit construction allows us to beat
this baseline, enabling targeted retrieval with
minimal overhead

Answer: YES!

....................................................
LA A L L AL L R L LN )
(A A L L R LR L L LR
LA R L L L L NN
.................
(AR AR AR AR R R R R R AR A AR R R AR R R A AR R A A A R A R R A AR R
LA AL A A AR R A R A R A A AR A R R A A A A AR L LA
............................................ Socecsnsncane
.....................0.0....... LA AR LA L AR A A A A A LA A LR AR
.......... I A R R R A R R A R R R A A R R R A R R R A A A R R L
.............................O......................

(AL A R LA R L LA A A A R A R A A A
(A A A AR A A R A A A A AR A A AR R A AR A R
0000000000000 0ORRROIORERORRRORNNNDS

L LA N E LR LR LR LR} LA R L R A A R AR R AR A R AR A R A N A R R A A A R L)
000 NROOOIBOIRIRLOINDS LA AL R R AR R R R AR A R AR AR R R A R R A A R AL LR
® 999 00O OOOPSRNSREN IR L A R AR RE R A AR R R A AR A R AR A R R AR R A R A A LR X J
LR R E N E LR L EEL AL R RAEEEEERE R AR R R A AR R R L ERER NN )
® 000000000 RNRBSODS Soco0sennses 000000000 OPOSOOOOOOOOONOIOTRDS
000 0000000 OOOOORROOOOBORORRIRNNRES (LA A A L A A R A R A R LR A R AL AR L)
o000 OROOOOREOTOROS LA L L R LR R AR LR LN LN 2 oo sDOOOOOOOOROODRS
®e00 PPN OGOBNORNNONDLS (L L A N R R LN (AL A AR R R AR R AR A RN )
I N EEEEEXNESEET] [ XX ] oo A A A L A R R A A A R R R R A R R
S 00O 0OOORORIRIOIBSRDS es A A A L L LA A R AL A R R A R R AL )
(R R AN R R R AR N AR E R R RN R R R R R R YRR R R R R R AR R RN XN}
LA A LR R R R LR ) LA L R R L R L AL 00000 OOOOOROOOOIOIOSONRDS
S 000 SN0 NPRRRRRRBRNN LT g OB Beee LA AR A R R R A A A R L LR
......... LR AR R R RN NN B R E ‘ Toeeec00OSROOORNOORORORRNYS
@000 000N OOORNOSIONOIOLOLN NS A AL AL A L L R R R A R A L L
IR AR N R R R AR NN R RN NN R L ] LA AL L R LA L R A LA RN
IR AL N R R R LR IS0 0000000000CORRIROOONINOLBODS
LA R A R R LR LR R AR A R R RN SR Ll L RN L NN sessce
000 00000 OSBSOSOSOSNAE DS A AR L L L L A AL R R R R R A R R AN
LR AL B LR L L AR RN = A A L L L LA 1 00000 ROOORRIROIRRRORRNDS
S 000 OROOOOOBOOROYS ... ............. .......................
D 000 000909 RRNNSSTA T L L L0000 0000000000%0FROOTROYRIOYRRIOERNRYRRYYS
(A R AN E LR A NN R R} ..“\’. ......... ..................‘.....
S 00000000000 OS 0000000000000 000000000RCRROINRRRGTS
..................................................
LR LN R ) .... ....... LA L L L L RN R J LA R R R R AR NN LELER R R )
L AL N LA AR R A AR LA AL A R A AR A R R A AR}
LA L R ) 000000000 CROOOROOOOROOOOROORORORRYS
LB R LA AR R A RN A R A A A A A A A A R A A LR
LR BN N LA AR R R RN R A R AR AR AR A R R R AR R A AR}
L 0000000000000 000000000000000000000
LA R R B R AR AR RN NENEELLLELELLELLERLLELLALELENLERRERRNRE.ENN] LA L LR J
LA R ENRERY = AL EREENNSE-LLELNEREREREENR] LA L L L 2 RN LA L R R & J Ssecsessenes
L AL L R LA R J (AL A A N R A R AN R R R A A A R R A R R R R A A R L L)
LR LA LR R R J 0000000000 CROOIOOOOOOOOOROORDOOOOORRRRNDS
o000 LA LR R RN J 0000000000000 COOOOOOOOORNOORNOORNOOOSRSOBNDY
L X ) 20000000000 0 0090090000000 CFRRCRRRRORIRORORRRRROROIRRREYS
e (AL A AL AR R R R R R R R R R R R AR R R A AR R AR AR R R R AN
L P000000000CP 00PN RPDPRORROOORROPROORORROORORRORRRROYS
L 900000000 GOOOPOOOOOSORRSOOOOROROREEROOOORORSOOOROROBROORORRY

LA AL R L R A L LA AN R R A AL R R AR R A A AR AR AR A A R R A LR}

000000000000 0000000 NNRIBSOIOLOINOOIOOINLOLOONOONOOOBORONNBEDS

“Cover Your Bases: How to Minimize the Sequencing Coverage in DNA Storage Systems” |EEE TIT, 2025.

D. Bar-Ley, O. Sabary, R. Gabrys, and E. Yaakobi,
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The Coded Coupon’s Collector Problem

Random Access: Breaking the Balance

G = (Ix|R) € F&*"
G* = (Llli| ... |Ix IR) € FE*N

P
x times Fr_.--f"""'_# U
_ /101 , _ (10101 -
= (011) S (01011) -
23 . =
Elz;(G)] = 2 E[7;(G*)] = % T e e
15 20 25 30 an .-:'u
Values of r

Normalized random access coverage depth T4 (G*)

from for k = 5 and various rates

A. Gruica, D. Bar-Lev, A. Ravagnani, and E. Yaakobi, “A combinatorial perspective on random access efficiency for DNA storage.” IEEE TIT, 2025.. 2
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The Coded Coupon’s Collector Problem
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